We present a density functional theory for inhomogeneous fluids at constant external pressure. The theory is formulated for a volume-dependent density, n(r,V), defined as the conjugate variable of a generalized external potential, (r,V), that conveys the information on the pressure. An exact expression for the isothermal-isobaric free-energy density functional is obtained in terms of the corresponding canonical ensemble functional. As an application we consider a hard-sphere system in a spherical pore with fluctuating radius. In general we obtain very good agreement with simulation. However, in some situations a peak develops in the center of the cavity and the agreement between theory and simulation becomes worse. This happens for systems where the number of particles is close to the magic numbers Nϭ13, 55, and 147.
I. INTRODUCTION
Understanding the properties of small systems has become a subject of fundamental importance for physics and chemistry due to the rapid development of the science and technology of nanomaterials. A key issue in the theoretical and simulation study of small systems is the well-known fact that the various statistical mechanics ensembles are not equivalent as it happens in the thermodynamic limit. 1 This implies that one must carefully determine the influence of the surroundings in order to choose the most appropriate ensemble for the study of the system. The isothermal-isobaric ensemble 1 has been widely used in Monte Carlo ͑MC͒ simulation 2 of a large variety of systems since in many experimental situations one is working with a fixed number of particles at constant external pressure and temperature. Also, this is the natural ensemble for the study of phase transitions. 2 From a theoretical viewpoint it has been suggested very recently that, as happens for the uniform fluid of hard-rods, 3 an isothermal-isobaric approach could be of relevance in the study of one-dimensional inhomogeneous systems with arbitrary interactions, 4 and single-file, cylindrically bounded fluids. 5 In this work we present a density functional theory ͑DFT͒ approach that is shown to be of practical application in the study of inhomogeneous systems in the isothermalisobaric ensemble. As an example we consider a small system of hard spheres confined to a hard spherical cavity with fluctuating volume. We also present MC simulations of the system in order to test the theory. The paper is structured as follows. Using results for the canonical ensemble, the isothermal-isobaric theory is developed in Sec. II. An exact expression for the free-energy functional in the isothermalisobaric ensemble is derived in terms of its canonical ensemble counterpart. The Euler-Lagrange equation for this functional allows us to obtain the isothermal-isobaric equilibrium density as a weighted average of canonical ensemble densities. In Sec. III the results of the DFT approach are compared with MC data. This comparison shows that, in some situations, important differences arise between theory and simulation for the density profile in the center of the spherical cavity. A detailed study of these situations is presented in Sec. IV, where we analyze the dependence of the profile with the number of particles and the external pressure of the system. We conclude with a brief summary of the main results of the paper.
II. THEORY
The isothermal-isobaric partition function ⌬ N of a fluid composed by N particles at temperature T and external pressure P can be expressed as
where ␤ϭ1/k B T is the inverse temperature and the volume scale ␦ V is included to ensure that ⌬ N is a dimensionless quantity. Q N,V ͓V ext ͔ denotes the canonical partition function which, for fixed intermolecular potential, is a functional of the external potential V ext . Equation ͑1͒ can be rewritten as
where (r,V)ϵV ext (r,V)ϩ PV/N is a generalized external potential in which V ext may also depend on the volume V. We note that the definition of could be extended by considering the fluctuating volume ensemble suggested by Attard and Moule 6 in which the product of external pressure by volume ( PV) is replaced by a function of the volume, (V), that conveys the information on the pressure. In this case one would have (r,V)ϵV ext (r,V)ϩ(V)/N. Furthermore, taking into account that any definition of ␦ V can be addressed by , without any loss of generality we shall consider a constant volume-scale, in spite of the recent controversy about the correct definition of ␦ V . [7] [8] [9] [10] [11] [12] The logarithm of ⌬ N is a functional of and its derivative defines the generalized volume-dependent density n(r,V). From Eqs. ͑1͒ and ͑2͒ we obtain
where N is the inhomogeneous density in the canonical ensemble and
is the volume probability density. We note that the usual inhomogeneous density can be written in the isothermalisobaric ensemble as a volume average of canonical densities, i.e.,
In order to obtain a free-energy functional F of the density n(r,V), we perform the Legendre transform of Ϫlog ⌬ N , i.e., ␤F͓n͔ϭϪlog ⌬ N ͓͓n͔͔Ϫ␤ ͵ n͑r,V ͒͑ r,V;͓n͔͒drdV,
͑6͒
where we have made explicit that is the potential that determines n. Given the structure of n as a product of (V) times the canonical density N ͓see Eq. ͑3͔͒ and the relation ͑2͒ between ⌬ N and the canonical partition function, from Eq. ͑6͒ one can obtain the following expression for the isothermal-isobaric functional F:
where F c ͓ N ͔ is the free-energy functional in the canonical ensemble, and, in terms of n, one has
where the number of particles N is related to n(r,V) through the constraint ͵ n͑r,V ͒drdVϭN.
͑10͒
Finally, the variational principle of density functional theory leads to the following Euler-Lagrange equation:
where is a Lagrange multiplier ͑independent of r and V) that accounts for the fixed-N constraint ͑10͒. One can check ͑after tedious calculations͒ that this Euler-Lagrange equation together with the isothermal-isobaric functional ͑7͒ and Eqs. ͑8͒-͑10͒ yields the desired result for the density ͓Eq. ͑3͔͒.
The free-energy functional of the ideal gas in the canonical ensemble is given by 13, 14 
, where ⌳ is the thermal wavelength and (N) is a function of the number of particles that, due to the constraint ͑10͒, does not affect the result of Eq. ͑11͒. Substituting this expression into Eq. ͑7͒ we obtain the following result for the free-energy functional of the ideal gas in the isothermal-isobaric ensemble:
where an irrelevant function of N has been neglected. The excess ͑over-ideal͒ contribution to the isothermal-isobaric functional is directly obtained from Eqs. ͑7͒ and ͑12͒, one has
where F c,ex is the excess contribution to the free energy in the canonical ensemble. An accurate expression for this excess quantity can be obtained by noting that the ͑total͒ freeenergy functional in the canonical ensemble can be approximated by 15 F c ͓͔ϷF gc ͓͔ϩ
where F gc ͓͔ is the grand-canonical intrinsic free energy functional and ⌬ 2 (N;͓͔) is the mean square fluctuation of the number of particles. A given prescription for F gc is required. In the present work we have employed the customary fundamental measures theory ͑FMT͒ of Rosenfeld. 16 From a practical viewpoint, to obtain an explicit expression for the density n(r,V) one simply has to calculate the canonical profile N (r,V) via
where ⌫(V) is a function that, fixed V, ensures proper normalization of N , i.e., ⌫(V)ϭ1/͐ dr exp(Ϫ␤Ϫ␦␤F c,ex / ␦ N ). Once N (r,V) is known, the volume probability density is directly obtained from
where A is the normalization constant that grants ͐ 0 ϱ (V)dVϭ1. Of course, this expression for (V) is equal to Eq. ͑4͒ conveniently rewritten for our DFT calculation. We note that one can consider that while N carries the information on the microscopic structure of the fluid, the thermodynamic information is mainly addressed by (V).
III. HARD SPHERES IN A SPHERICAL CAVITY
As an application of the present theoretical framework we have considered a fluid of hard spheres of diameter confined to a hard spherical cavity with fluctuating radius R cav . In this case, the external potential is
which defines the volume available to the center of the hard spheres as Vϭ4(R cav Ϫ/2) 3 /3. This expression for V can be trivially inverted so that the generalized potential becomes (r,V)ϭV ext (r,R cav (V))ϩ PV/N. The accuracy of the theory has been tested against isothermal-isobaric Monte Carlo ͑MC͒ simulations. In our simulations we have considered (Nϩ1)ϫ10 8 MC steps to equilibrate the system and the same number of steps to perform the measurements ͑ev-ery Nϩ1 steps͒. A MC step consists of selecting either a particle displacement or a volume change with probabilities N/(Nϩ1) and 1/(Nϩ1), respectively. To perform a volume change, a new value for the radius of the cavity R new is randomly chosen in the interval ͓R cav Ϫr max ,R cav ϩr max ͔. The change is accepted with probability
ͬͮ
.
͑18͒
When the change implies a reduction on the radius of the cavity and the new cavity overlaps with any particle the change is rejected. The parameter r max is chosen so that the overall acceptance ratio is about 30% of all attempts to perform a volume change. The same ratio is considered for the particle displacements. We note that we have not used scaled coordinates in the simulations. When the theory is applied to systems at low pressures we obtain density profiles like those depicted in Fig. 1 . In this case the mean density is very low and a quasi-ideal-gas profile is obtained. As expected for a low density situation, the figure shows excellent agreement between theory and simulation, both for the density profile, (r), and for the volume probability density, (V). We note that the present isothermal-isobaric profiles do not show the usual discontinuity at contact with the cavity hard-wall ͑see, e.g., Ref. 17͒. Of course, this is due to the weighted average of canonical density profiles for different cavity radii. This average gives rise to a smooth density profile at the border of the cavity. As N increases, the relative width of this smooth region decreases.
At higher pressures the agreement between theory and simulation is still very good except for some situations in which the density profile develops a pronounced peak in the center of the cavity. This is the situation presented in Fig.   2͑a͒ , where both the simulation and the DFT results for the density profile of Nϭ10 particles exhibit this peak but it is clear that the theory cannot describe it accurately. This problem also arises for similar situations in other ensembles 15, [17] [18] [19] and will be studied in more detail in the following section. Things are different in Fig. 2͑b͒ (N  ϭ100) where the central peak is absent and the agreement with simulation is excellent.
If we now pay our attention to the volume probability densities ͑see the insets of Fig. 2͒ we observe that the theory and simulation results for (V) are slightly shifted with respect to each other. This can be ascribed to small deviations in the calculation of the free energy at high packings-note that in the homogeneous limit the FMT yields the PercusYevick equation of state 16 -and hence of the volume probability density. The shift in (V) gives rise for theory and simulation to different mean volumes, ͗V͘ϵ͐ 0 about 0.92%. As one can observe in Fig. 3 , this procedure only appreciably improves the results for the volume probability density while the profile remains almost unchanged. It is clear that the effect of the mean-volume shift is washed out by the structure of the density profile.
IV. ANALYSIS OF THE DENSITY PROFILE IN THE CENTER OF THE CAVITY
In the preceding section we have seen ͓Fig. 2͑a͔͒ that the density profile of Nϭ10 particles at pressure ␤ Pϭ3.2 Ϫ3 presents a pronounced peak in the center of the cavity whereas this peak is missing for Nϭ100 at the same external pressure. It seems therefore natural to analyze the behavior of the peak for different numbers of particles in order to ascertain the influence of N in the structure of the confined fluid. Furthermore, since the main differences between theory and simulation arise in this peak, we expect to obtain information about the reasons for the failure of the DFT in this situation. We note that, in contrast to previous approaches for this quasi-zero-dimensional problem, 15, 17, 18 the volume of the system changes in order to accommodate the different numbers of particles according to the fixed external pressure. Thus, the present ensemble with fluctuating volume provides a good framework for the analysis of the behavior of the peak with N. Figure 4 shows the results of theory and simulation for the density in the center of the cavity, for N ranging between 2 and 200 at ␤ Pϭ3.2 Ϫ3 . We have estimated the value of ͑0͒ in simulation by measuring the mean density, (0), in a small sphere of radius r 0 situated at the center of the cavity. We have taken r 0 ϭ0.076 that yields rather smooth simulation results. For the sake of consistency, we have considered (0)ϭ͐ 0 r 0 (r)4r 2 dr/( The most relevant feature of Fig. 4 is the appearance of a well defined peak structure so that for certain values of N there is a large probability of finding a particle in the center of the cavity, whereas for other values this probability becomes very close to zero. As expected, for large N the mean density (0) approaches the bulk density b . It is important to remark that the three maxima of (0) in the simulation data are attained at Nϭ11, 49, and 129, very close to the numbers (Nϭ13, 55, and 147͒ that arise when spheres are packed closely together in concentric layers around a central sphere. Of course we are far away from close packing but it is nevertheless interesting to see how the development of a central peak in the profile is related to these magic numbers.
As mentioned previously, the peaks in Fig. 4 correspond to the larger differences between simulation and DFT results. This is specially noticeable in the first peak ͑see the inset͒ where we note that while the theory is accurate for Nр9, it clearly underestimates the value of the density in the center of the cavity for 10рNр13 and slightly overestimates it for larger values of N. A different behavior is found in the second peak where the results of simulation lie below those of DFT. In the third peak the differences between theory and simulation are very small but larger than in the neighboring regions. It seems therefore that the discrepancies found are mainly due to the large inhomogeneity in the density profile although, in our opinion, the occurrence of a quasi-zerodimensional situation also plays an important role, possibly due to the fact that the large fluctuations expected for this zone are not accurately described by the present ͑mean field͒ DFT theory. 15, 17, 18 Figure 4 shows the manner in which the layer structure is originated with N increasing, once the external pressure is fixed. For NϽ7 there is only one external layer and the mean density in the center of the cavity is very small, see, e.g., the case Nϭ4 in Fig. 5 . For Nу7 a peak develops in the center of the cavity, attaining its maximum value for Nϭ11. This profile is plotted in Fig. 5 , where we can see the failure of the theory in the central zone. For NϾ11 the height of the peak starts to decrease and a second layer steadily appears. This layer is clearly apparent in the range 19ϽNϽ39 where the density is very small in the center of the cavity ͑see the case Nϭ27 in Fig. 5͒ . Again, for NϾ40 the central peak grows, reaching its maximum at Nϭ49, now with a value much smaller than that of the peak near Nϭ11 but comparable to the height of the density profile near the cavity wall. This scheme is repeated for the following peak but now the amplitude of oscillation about the bulk is very small and one can hardly speak of a quasi-zero-dimensional situation ͑see Nϭ129 in Fig. 5͒ . We note that, except for the maxima of the two main peaks, Nϭ11 and Nϭ49, the overall performance of the theory is very good.
At higher pressures the system becomes very inhomogeneous and the DFT approach fails, specially for values of N close to the location of the peaks of Fig. 4 . A simulation analysis shows that increasing the pressure yields the same behavior for the mean density in the center of the cavity but with much higher peaks, with almost unchanged location. For certain values of N, below the maxima of the peaks, we have observed that as the pressure increases the mean density in the center grows until it reaches a maximum and then it gradually decreases to zero. It seems that the packing constraints in the problem give rise to a change in the structure of the confined fluid from a situation with large mean density in the center to a situation with very small mean density. This noticeable behavior is depicted in Fig. 6 for N ranging between 5 and 9. Finally, we observe that the agreement between theory and simulation is very good for Nр7 ͓Fig. 6͑a͔͒, much worse for Nϭ8, and very bad for Nϭ9 ͓Fig. 6͑b͔͒. In the latter case the DFT results grossly overestimate the simulation results for ␤ Pտ4 Ϫ3 . We have observed the same behavior for values of N below the second peak in Fig. 4 .
V. SUMMARY
In summary, we have presented a new DFT method for dealing with inhomogeneous fluids in the isothermal-isobaric ensemble. We have shown that rewriting the isothermalisobaric partition function as a functional of the generalized external potential (r,V) allows one to introduce the volume-dependent density n(r,V), in terms of which the theory is formulated. The method is very general since (r,V) contains all the information concerning the external pressure and the volume-scale of the ensemble and, consequently, the theory is transparent to any particular choice of volume-scale or fluctuating volume ensemble. The main result of this paper is a very simple, exact expression for the isothermal-isobaric free-energy functional. The only input required by this expression is the free-energy functional in the canonical ensemble.
As an application we have considered a hard-sphere fluid confined to a spherical cavity with fluctuating radius. In general, the theory yields very good results when compared with our MC simulations of the system. In some situations, however, we have found that the density profile of the fluid develops a pronounced peak in the center of the cavity that the DFT theory cannot reproduce accurately. The appearance of this peak is strongly related to the number of particles in the cavity, reaching its maximum influence for values of N close to the magic numbers 13, 55, and 147. In general, as expected, the peak grows as the pressure of the system is increased. However, for certain numbers of particles ͑see Fig.  6͒ , we have observed that when the pressure reaches a given value the growth of the peak is stopped and a further increase of the pressure leads to the vanishing of the peak. This behavior indicates a transition in the structure of the system from a situation with strong localization in the center of the cavity to a situation where the mean density in this zone is very low. 
